2nd International Conference: Quantitative and Qualitative Methodologies in the Economic and Administrative Sciences, TEI of Athens. 25, 26, 27 May 2009

RISK PREMIUM EFFECTS ON IMPLIED VOLATILITY REGRESSIONS

Leonidas S. Rompolis
Department of Public and Business Administration
University of Cyprus

Elias Tzavalis
Department of Economics.
Athens University of Economics and Business

Abstract

This article provides new insights into the sources of bias of option implied volatility to farecast its physical counterpart We argue that this bias can be
attributed to valatility risk premivm effects. The latter are found to depend on high-order cumulants of the risk-neutral density. These cumulants
capture the risk-averse behaviar of investors in the stock and gption markets for bearing the investment risk that is reflected in the deviations of the
implied risk-neutral distribution fram the normal distribution. We show that the bias of implied volatility to farecast its corresponding physical measure
can be eliminated when the implied volatility regressions are adjusted for risk premium effects. The latter are captured mainly by the third-order risk-
neutral cumulant We also show that a substantial reduction of higher-order risk-neutral cumulants biases to predict their corresponding physical
cumulants is sugported when adjustments for risk premium effects are made.
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. Introduction

There is voluminous evidence that the volatility implied by option prices, referred to as risk-neutral volatility, constitutes a biased
upward predictor of the future realized volatility of asset (stock) returns, known as physical volatility, over the remaining life of the
elevant options (see, e.g. Canina and Figlewski 1393, Poon and Granger 2003, and Jiang and Tian 2005). This bias means that the slope
coefficient of a linear regression of physical volatility on implied volatility will be biased downward from unity. This evidence is in contrast
to the pure (without risk premium) version of the market efficiency hypothesis asserting that the preceding two measures of volatility
should possess a one-to-one correspondence. As is shown in many recent studies, the implied volatility bias can be related to the market
volatility risk premium (see Bates 2003, Bollerslev and Zhou 2008), creating a wedge between physical volatility and risk-neutral volatility.
In particular, based on the stochastic volatility option pricing model, Bollerslev and Zhou (Z006) show that the bias of the slope coefficient
of the standard implied volatility regression is not zero and critically depends on the parameters of the underlying option pricing model.

The present article provides new insights into the sources of the volatility risk premiumand the forecasting bias of the slope of the
implied volatility regressions. We derive a theoretical relation between physical volatility and risk-neutral volatility, which shows that
under a power utility pricing kernel, the difference between the two measures of volatility depends on higher than secand-order risk-
neutral cumulants. This relation is derived in a model-free manner, without imposing any structure on the underlying asset price process
or adopting any specific parametric option pricing model (see Bakshi and Madan 2000). It can also be easily extended to analogous
relations predicting the future level of higher-order cumulants based on their risk-neutral counterparts.

Expressing the difference between physical and risk-neutral volatilities in terms of cumulants rather than moments enables us to
distinguish its generating sources maore clearly. In particular, the cumulants greater than second-order quantify deviations from the
normal distribution and therefore measure large risks beyond the variance (equal to the second-order cumulant). The third and higher
odd-order cumulants capture asymmetric deviations, and the fourth and higher even-order cumulants reflect symmetric deviations.
Recause cumulants generally constitute adequate measures of risk (see Malevergne and Sornette 2008), | the higher-order risk-neutral
cumulants that enter the physical-risk-neutral volatility relation derived in this article can be given the interpretation of reflecting risk
premium effects. These compensate investors in the asset markets for bearing the risk of deviations from the normal distribution of asset
returns due, for instance, to asymmetric or extreme values of them. Among these effects, we provide strong evidence that the risk
premium captured by the third-order risk-neutral cumulant, which is associated with the skewness of the riskneutral density, can
sufficiently explain the bias of the slope coefficient of the standard implied volatility regression. This is shown in a new regression
framework adjusted for the risk premium effects and can be done for small estimates of the relative risk aversion coefficient. This
framework can be easily extended to test for the information content of higher than second-order risk-neutral cumulants about their
physical counterparts.
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II. On the Relation Between Risk-Neutral and Physical Volatility

Thearetical Mode/

Consider an economy in the absence of arbitrage. Then, there will be a pricing kernel projected onto the asset (stock) log-return,

denoted as pp = (‘?J where St (or S, ) denotes the asset price at the future time 7°(or at the current time 7). Under this
t

kernel, the physical probability density function of )T conditional on time 7 information set (denoted as 7., ) is related to its risk-neutral

counterpart through the following relation:
)_ qt(pT)/Mt(pT)

B Iqt(pr)/Mz(pr)dpr ’

. (o (1

where p;(pr) and ¢;(pr) denote the conditional physical and risk-neutral probability densities of pp and A7;(pr) is the projected

pricing kernel onto the payoff p7 . Under the power/logarithmic utility, M, (pr) is given as M (py)=7PT, where © s the relative
risk aversion coefficient. Then, relation (1) can be written as:

e}’Pth (pT)
e}/qut (pT)de

p,(pr)zI @)

where the normalizing factor J.eyqut (pT )de integrates the values of p;(pr) to unity. Based on (2), in the next proposition we

derive a theoretical relation linking the v*"-order physical cumulant of the log-return )T conditional on the information set 7., to the
risk-neutral cumulants'
Proposition | Let k;vn and k/fn be the v"-order cumulants of the conditional on the current market information set L. risk-neutral

probability density function ¢,(pr) and the physical probability density function p,(p7) of the log-return p,., respectively. Then, the

following relation holds:

k= 2(7 }kme Vvel (@)

|
m=0 m:
where 70 =1,
0!

For v = 2, the theoretical relation given by Proposition | implies that the second-order cumulants k/fz and k;vz , which respectively

represent physical volatility and risk-neutral volatility, are linked through the following relation:
2 3
p N N Y N Y N
kp,z:kp,2+ykp,3+;kp,4+;kp,5+.... (4)
implying that

2 3
P N N Y N VN
kp,2 —kp,z = ykp,fs +;kp,4 +;kp,5 +.... (5)

From the last relation, it can be easily seen that there is no one-to-one correspondence between risk-neutral and physical volatilities

captured by the second-order cumulants &7

5. and k;v,z . respectively. The two volatilities differ from each other, and their difference

k/fz - k;vz . referred to as the volatility risk premium, critically depends an all higher than second-order cumulants of the risk-neutral

density of the log-return p7 . Only when © = [ (risk-neutrality) do the values of k;z correspond to those of k;v,z in a one-to-one

) o o ) o ) o 5 -
following relationships : &, = 4y = 4y, szyzf(yz - ) k37y37(/13—3y2y1+2y1 and ky=u, 35 =ty =4y =3y + 12y =241 (see Stuart and

. ) . - k ky ~
[rd 1994). Based on the above definitions of cumulants, we can write the skewness and kurtosis coefficients as sk=—— _ and Ku=3+—%_

(o) (k)
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relationship. The latter can also take place when k;v,z =0, for all . > 2, which holds under the assumptions of the Black and Scholes (BS)

model.

In contrast to the moments, the cumulants of the risk neutral-density that feature in the right-hand side of relation (5) can directly
measure deviations of this distribution from the normal one, with the third and higher odd-order cumulants to capturing asymmetric
deviations, and the fourth and higher even-order cumulants ta reflecting symmetric deviations. In fact, this relation enables us to separate
the implied volatility risk premium effects caused by the above distinct sources of deviations from the Gaussian law: skewness and excess
kurtosis. By their definitions (see footnote 3), the former is directly related to the third-order cumulant, and the latter to the fourth-order
cumulant.

Risk-neutral skewness commands a volatility risk premium to compensate risk-averse investors for bearing the risk associated with

asymmetric stock return distributions. A negative value of risk-neutral skewness often found in practice (implying k/ivj < [) should be

taken to reflect the fact that risk-averse investars assign higher risk-neutral probabilities to negative stock returns (or, more generally,
to stock returns with smaller values than their mean) than positive returns. In forecasting expected stock market physical valatility k/fz ,

the previously described behavior of risk-averse investors will have the following consequences. To estimate k/fz , an upward adjustment

must be made to the risk-neutral probabilities of positive stock returns (which are smaller than the risk-neutral probabilities of negative
returns) and a downward adjustment to the risk-neutral probabilities of negative returns (which are larger to the risk-neutral
probabilities of positive returns). Due to the exponential nature of the pricing kernel implied by the power utility, the upward adjustment is
approximately equal to the downward adjustment around the mean of the risk-neutral density and both of them are proportional to the risk
aversion coefficient © .

Thus, if risk-neutral skewness is negative, expected physical volatility will be smaller than risk-neutral volatility by a factor which equals

©-times the risk-neutral third-order cumulant, k/ivj , as is predicted by relation (3). In this case, the volatility risk premium k;z -

k;v,z will be negative. Note that the higher the risk aversion coefficient ©, the higher the negative effect of k/ivj on k;z - kY will

ps3
be.

Ry analogous arguments as above, we can explain the effect of the fourth-order riskneutral cumulant k;vA on k;z - k;v,z. This

cumulant reflects a separate source of valatility risk premium. A positive value of k;v4 . implying that the risk-neutral density has fat tails

(or excess kurtosis), can be attributed to the fact that risk-averse investors assign higher probabilities to extreme values of stock
returns’. Thus, in calculating physical valatility an upward adjustment should be made to the risk-neutral probabilities of positive extreme
values of stock returns distributions and a downward adjustment to the risk-neutral probabilities of negative returns. Since these
probabilities concern stock returns whose values are not close to their mean, the exponential nature of the pricing kernel of the power
utility function (see relation (2)) implies that the upward adjustment of the risk-neutral probabilities will be higher than the downward one.

This can explain the positive relationship between the volatility risk premium k/fz - k;vz and the fourth-order risk-neutral cumulant

k;vA, implied by relation (3). Our theoretical relation (3) can be also employed to investigate the sources of the risk premium reflected

into the difference between higher than second-order physical and riskneutral cumulants, L. k;n - k;v,n. In particular, for the
third and fourth-order cumulants, which are related to skewness and excess kurtosis, respectively, relation (3) implies:
2 3
P N N YV N VN _
k,,—k,,=vk,,.+—k +—k . +.., for v=3, 4 (B)

p,n+l 2' p,n+2 3' p.n+3

The last relation is analogous to (9). It shows that the existence of the third-order cumulant risk premium, k§3 - k;v3 also referred to

as the skewness premium, can be explained by higher than third-order risk-neutral cumulants® According to this, a positive value of the

The economic intuition of using the fourth-order cumulant as a measure of risk is given by Malevergne and Sornette (200B). In the context of the risk-neutral density,

, o \2 ! ! .
this can be obtained by writing the fourthorder cumulant k;vA as kg’4:yp]\,]4—3(yp]\,]2) . where ,up]\; and ,up]\; are the fourth and second-order risk-neutral
central moments, respectively. A positive value of k;vA implies the following inequality ,up]\; > 3,up]\,,2 . This can be interpreted as expressing the fact that investors

are more risk-averse to large risks associated with extreme values of stock returns measured by Hpa compared to smaller ones related to smaller variation of stock

returns measured hy y;)Nz . Having k;v4 = O (implied by the BS model) means that risk-averse investars are indifferent between large and small risks.

3 Bakshi. Kapadia and Madan (2003) derived an approximating version of this relation based on the risk-neutral skewness and kurtosis coefficients.
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skewness premium (implying that the physical distribution is more skewed towards the right compared to the risk-neutral distribution)
can be attributed to the positive sign of the fourth-order risk-neutral cumulant k;vA capturing the risk-averse behavior of investors to

assign higher probabilities to extreme values of stock returns, as mentioned before. Analogously, we can explain a negative sign of the
excess kurtosis premium reflected into the difference k7, — 4, .

Explaining the Bias of the Standard Implied Volatility Regressions

The results of Proposition | can be used to investigate the sources of documented biases in forecasting future levels of physical
volatility based on currently observed levels of risk-neutral volatility. Relation (5) provides us with the theoretical underpinnings of the
volatility risk premium and, thus, permits to specify a new econometric framework to measure the slope bias of the implied volatility

regressions. This framework only requires estimates of the physical and risk-neutral cumulants of the log-return Py which can be

easily obtained from the data. As mentioned before, the statistical framework which is often employed in practice to forecast the future
level of physical volatility based on implied volatility is a single regression model employing the risk-neutral valatility k;v,z (say with a

maturity interval 7-7) as a regressor and the future level of physical volatility k/fz , over the future period 7-7, as a regressand, i.e.

kP kN
p,2_a+ﬂ'p,2+e, (7

where e stands for a zero mean forecast error conditional on the current market information set z, . Estimation of this regression

model can be performed using the least squares method with time series data on the second-order cumulants k;vz and k/fz. These

estimates can then be used to test for the validity of the following two hypotheses. First, whether implied volatility contains some
information about the future value of physical volatility, which is often measured by the future realized volatility. In this case, the estimate
of the slope coefficient ® should be different from zera. Second, whether implied volatility constitutes an unbiased forecast of physical
volatility, which implies the fallowing joint hypothesis: (=0 and ® = 1. Under the last hypothesis, deviations of the regression estimates of
coefficients (‘and ® from their thearetical values (= 0 and ® = | are considered as evidence of bias and information inefficiency in
option market forecasts. However, in the light of relation (3), one ought to interpret such a failure of option market forecasts with caution.
A rejection of the joint hypaothesis (‘= 0 and ® = | (or the hypathesis ® = 1) can be attributed to the risk premium effects omitted from

the right-hand side of the implied valatility regression model (7). As equation (3) shows, the risk-neutral volatility k;v,z will fully reflect
information about its physical counterpart anly when © = [ (i.e. under risk neutrality) or when the BS model holds, implying that k;v,n =]

for all v> 2. In contrast, if © 0 and k;v,n # [, for v > 2, then the least squares estimatar of the slope coefficient ® will be biased,

while that of the intercept ( may give a value different from zero”.

The bias of the least squares estimator of the slope coefficient ® will depend on the magnitude of the risk aversion coefficient ©, the
sign and size of the correlation coefficients between the second-order risk-neutral cumulant k;vz and the higher-order cumulants

kN

p,2+m

kN

p,2+m

Jfor p=/,Z.. which are omitted from the regression model(7). Moreover, the bias will also depend on the standard deviation of

relative to that of k;v,z. Below, we present an analytic formula of the asymptotic bias of the estimator of ®, denoted as ﬁ ,
from unity:
o (o SD(k),..,)
(A . A 14 p2m) 5
Asszas(ﬁ)Ephmﬁ—lz — Wy ——P (8)
Ton ,; m! ] SD(kY
p.2
where 7 denotes here the number of the time series observations of the sample. ¢, ,,, stands for the correlation coefficient between

the risk-neutral cumulants &, and &, . forall s £1, and SA() stands for standard deviation. Formula (B) implies that, under risk

p,2+m
aversion (ie. © # ), estimator 3 will be biased downward from unity if some of the correlation coefficients ¢, 5., are negative. This

source of bias can explain the upward bias of the implied volatility to forecast the future level of its physical counterpart documented in

4 This will happen due to the omission of higher than second-order risk-neutral cumulants from the righthand side of (7). Alternative estimators, such as the
instrumental variables (IV) or the generalized methods of moments (EMM) suggested in the literature to deal with the measurement errors in the risk-neutral volatility
(see Christensen and Prabhala 1998) can not resolve this problem, as most of the instruments used for this purpose are correlated with the omitted risk-neutral
cumulants from (7).
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N
SD(k ) +m) .
— VP2 s close to zero, S will provide unbiased estimates of the slope
SD(kp 2)

coefficient ® of regression (7) under risk-averse behavior. To calculate the magnitude of the asymptotic bias of the estimatar ﬁ and,

the literature. Note that, only when )Z’zm =0or

hence, measure the risk premium effects on ®, formula (8) shows that an unbiased estimator of the risk aversion coefficient © is
required.

ll. Empirical Analysis

The main goal of this section is to assess the ability of our thearetical relation (4) to explain the documented biases of implied volatility
regressions to forecast future levels of physical volatility. To this end, we suggest a new implied volatility regression model allowing for
risk premium effects. This model can be also used to provide estimates of the risk aversion coefficient implied by option and stock
markets data. Qur analysis is also extended to investigate whether relation (B) can consistently explain the biases of higher than second-
order risk-neutral cumulants to forecast their corresponding physical cumulants.

Data

Our empirical analysis uses index returns and cross-section sets of monthly observations on option prices for three different indexes:
Standard & Poor's a00 Index (henceforth denoted as S&Pa00) and Financial Times Stock Exchange 100 Index (henceforth denoted as
FISEIOD) from 1996:01 to 200712, as well as NASDAQ 100 Index (henceforth denoted as NASDAQ) from 200106 to 2007:2. These sets of

option prices cover different strike prices and have maturity intervals of approximately one calendar month (i.e. twenty two trading days).
By employing these data, we have obtained estimates of the risk-neutral cumulants k;vn at any point in time T of our sample based on

the formulas suggested by Bakshi, Kapadia and Madan (2003), and Rompolis and Tzavalis (2008). These formulas give estimates of non-
central risk-neutral moments from out-of-the-money option prices in a model-free manner. Employing them we have derived values of the
risk-neutral cumulants using Stuart's and Ord (1394) cumulant formulas (see footnote 3). As shown by Rompolis and Tzavalis (2008). this

procedure of retrieving the risk-neutral cumulants k;vn from option prices provides very precise estimates of them®.
As values of the physical valatility k;z or the higher-order cumulants k;3 and k/fA , our analysis uses unbiased cumulant estimates

of them based on the future realized values of the three indexes daily returns.denoted as pj for j=1,2,...,,m,. up to one-month

head, i.e. for the time interval of 7, =22 approximately trading days for each month (see. e.g., Canina and Figlewski 1933). For instance,

. T nt 2 .
the realized volatility is calculated as kpzz% s (p/-—ﬁ) . where 5 _ ]—ZZT_I pj- Analogous relations to the above can be
= onp=1 0 np TI=
j T

employed to estimate the third and fourth-order physical cumulants (see Stuart and Ord 1934). The estimates of physical cumulants
derived by the above method have the key feature that they result in nonoverlapping data, as time periods covered by successive options
exhibit no overlap. The nonoverlapping nature of the data can yield more precise estimates of them relative to their historical estimates
obtained from overlapping samples (see Christensen and Prabhala 1938).

Estimation of Implied Volatility and Higher-UOrder Risk-Neutral Cumulant Regressions With and Without Risk Premium Effects
In this section we introduce a new implied volatility regression framework adjusted for risk premium effects which provides unbiased
forecasts of physical volatility. This framework can be also extended to examine the information content of higher than second -order
riskneutral cumulants.

Implied Volatility Regressions Without Risk Premium Effects. We commence our analysis with presenting estimates of the standard
implied volatility regression model (7), without adjusting for risk premium effects. We also present estimates of other two implied volatility

regression models often used in practice to forecast functions of the realized volatility k/fz. These models employ the square root

| | |
transformation of &7, and k7, (ie. (k;2 )A and (k/iv,2 )A or alternatively their logarithmic values ln[(k/i2 )A} and

1
In [(k;\fz )A} as regression variables (see, e.g. Andersen et al 2001, Corrado and Miller 2005, Giot and Laurent 2007). Under the risk-

For instance, the authors show that the percentage error of the risk-neutral kurtosis coefficient is, on average, less than 1.5%. This error is even smaller for the risk-
neutral skewness coefficient.
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neutrality hypothesis (i.e. © =), note that the last two implied volatility regression models mentioned above can be thought of as direct
transformations of our theoretical relation (3), underlying regression model (7).

Least squares (LS) estimates of all implied volatility regression models specified above are reported in Table 1. In particular, the table
reports estimates of the coefficients ( and ®, the Wald test statistic of the joint hypothesis ¢ =0 and B =1, denoted as

W(a =0,0= 1) , the adjusted coefficient of determination R and the Durbin-Watson (AQY ) statistic, as well as of two measures
assessing the in- and out-of-sample forecasting performance of the models: the RAZSE (root mean square error) and the
MAE (mean absolute error). These measures are denoted as RMSE" and MAE") for the in-sample forecasts and as

RMSE" and MAE' for the out-of-sample forecasts. They can be used to assess which one of the three implied volatility

regression models considered in our analysis can provide better fit of our data, given that the coefficient R* can not be used for this
purpose when regression models are not nested (see Davidson and MacKinnon 1993). To examine this, the table also reports the values of

% and

the P, statistic testing whether the standard regression model (7) or that based on the square-root variables (k;,z)

l
(k/iv2 )A constitute better specifications of the data than the log-linear model. To calculate the out-of-sample forecasting performance

measures RMSE'”) and MAE', we have estimated the alternative implied volatility models recursively starting from date 2004:01
and adding one observation at a time until the end of the sample. The out-of-sample forecasts are then calculated as the one-period ahead
predictions of the models at each point of the recursive estimation.

The results of Table 1 are consistent with those provided in the literature. They indicate that, although the slope coefficient S of the

standard implied volatility regression model (7) is of the right direction, its estimate is substantially less than unity, thus implying that the
risk-neutral |:umu|E|ntk/’3v,2 is a biased upward predictor of the future level of its physical counterpart k;z. Furthermore, the values of

the Wald test statistic W(a =0,0= 1) reported in the table clearly reject the joint hypothesis @ =0 and S =1 at 3%
significance level. These results are stronger for the S&PS00 and FISEIDD indexes. However, for NASDAL the joint hypathesis @ = O and
B =1 is marginally rejected at the 2% significance level. Regarding the two other functional forms of the implied volatility regressions
examined, the results of the table indicate that the estimates of the slope coefficient B are closer to unity, especially for the log-linear
model. However, the estimates of these two models reject the joint hypothesis @ = 0 and 8 = 1. They also indicate that the forecasting

performance of these two models is poorer than that of the standard implied volatility regression model, given by relation (7). Note that,
among the three models, the highest prediction errors are observed for the log-linear model. Further evidence that this specification of
the implied volatility regression model does not constitute a better specification of the data than the standard model is provided by the

values of the P, test statistic reported in the table. These can not reject the null hypothesis that the standard implied volatility

regression model (or its square transformation) constitutes a correct specification of the data series, when compared to the log-linear
model. One explanation that may be given to the above results and, in particular, to the evidence that the slope coefficient S tends to

unity for the log-linear model is that, by taking the logarithmic transformation of the regression series, the risk premium effects are
smoothed out Of course, this is not without cost. As our results show, the estimates of the constant of the log-linear model become
significantly different than zero and take negative values. The latter may explain the less than satisfactary performance of the log-linear
model of implied volatility to forecast future levels of physical volatility, as demonstrated by the PMZE and MAE measures.

Finally, before closing this section we examine whether higher than second-order riskneutral cumulants provide unbiased predictions of
their physical counterparts. To this end, we have estimated the following regressions:

k;nzoc+ﬂk/iv,n+un,fnr n=3,4. (9)
Least squares estimates of these regressions are reported in Table 3. These show that the bias of the slope coefficient S is worse than
in the case of the standard implied volatility regression model (7). The estimates of the slope coefficient B of these models are not
different than zero for all indexes considered, and thus the joint hypothesis @ =0 and 8 =1 is clearly rejected at 3% significance

level. These results clearly indicate that the higherorder cumulants k/ivj and k;vA contain no information about their physical
counterparts. In the light of our theoretical relation (3) and the results of Table | (see Panels A and B). these biased estimates of 8 can

. . . . . . . N N N
be explained by the much higher correlation which exists among the higher-order risk-neutral cumulants & ;. &, and &5 , as well as
SD(k),) . SD(k);)
an .
D(kys) — SD(ky)

their relative 13 levels of standard deviations
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Implied volatility regressians allowing for risk premium effects. To investigate whether the risk premium effects can remave the bias of
implied volatility regressions to forecast physical volatility, in this section we suggest a new statistical framework which, in light of our
thearetical relation (), includes higher-order risk-neutral cumulants in the standard regression model (7) as additional regressors. In
particular, we have estimated the following regression model:

P N N
k,,=a+pBk,,+vk,,+¢, (10)
This model assumes that the third-order risk-neutral cumulant «N ), 3, which captures the skewness effects on valatility premium, can
account for the risk premium effects on the slope coefficient of the risk-neutral cumulant k/fz. Note that, in addition to kgg , higher

than second-order risk-neutral cumulants (e.g. 7., k', ...) can be also included in the standard regression model (7), but as our

s Ky
initial estimates have shown the results of our analysis do not change. The inclusion of higher-order risk-neutral cumulants in regression
(I0) does not provide a better fit for our data. As mentioned before, estimation of the multiple regression model (10) should be performed
with caution due to the multicollinearity problem that may appear in practice. This is due to the high correlation which exists between the

two regressors k;vz and kgg . When this problem arises, the estimates of the slope coefficients of model (10) and/ar their standard
errors become very large (see Greene 2004). To see if this problem is present in our case, we have also estimated a restricted version of
model (10) assuming that S =1, ie.
P N N *
ky,—k,,=a+yk,,+¢, (1)
Comparison of the least squares estimates of coefficient » between the above two models (10) and (1) can reveal whether any serious

problem of multicollinearity is present in the unrestricted estimation of model (I0). If this happens, then the estimates of © should
considerably differ between models (10) and (1f).
The estimation results of models (10) and (1) are reported in Table 2. As can be seen from them, the inclusion of the third-order

cumulant k/ivj in the implied volatility regression model removes the bias of the least squares estimates of the slope coefficient 5. The
estimates of this coefficient now become close to unity and the joint hypothesis @ =0 and 8 =1 can no longer be rejected by the
Wald test statistic W(oc =0,0= l)at the 0% significance level. This is true for all indexes examined. Further support for the validity

of hypothesis S =1 and model (I0) can be obtained by the values of the likelihood test statistic, AP, reported in the table. This test
examines the validity of the restricted model (1), under the restriction 8 =1, against its unrestricted version given by equation (10). As

the results of the table shaw, this statistic can not reject the restricted model.
Another interesting result of Table 2 concerns the small values of the estimates of the risk aversion coefficient y implied by our data

sets. These values are very close for both the restricted and the unrestricted least squares estimates of models (If) and (10), respectively.
They are also consistent with those found in other studies in the literature based on stock and/or option price data (see, e.g., Hansen and
Singleton 1984, and Bliss and Panigirtzoglou 2004). They suggest that the risk aversion coefficient of the representative agent implied by
option prices is not as extreme, as those found in studies based on consumption data (see, e.g. Mehra and Prescott 1385). The fact that the
estimates of » remain almost the same across the restricted and unrestricted regression models (10) and (1f) can be taken as evidence

of no presence of multicollinearity in the estimates of the coefficients 8 and ¥ of model (10).

To examine if the above estimates of  are also consistent with those implied by our data for higher than second-order risk-neutral
cumulants, in Table 3 we present least squares estimates of the restricted model (Il) estimated as a system of the follawing equations:

P N N

k,,—k,,=a+yk; ., +e,, n=234 (12)
These estimates are then used to calculate the values of the Wald statistic testing the hypothesis that the risk aversion coefficients ¥,
denoted as y, for each equation of system (I2). are equal per pair of equations (ie. y, =y, or 7, =, ) or across all of them (ie.
¥, =75 =¥, ). The results of the table clearly indicate that the estimates of » are very close for all equations of system (12) and the

three stock indexes considered. The estimates of © vary between the values I.78 and 3.1, which are very close to those found in the
augmented implied volatility regression (10). These results can be more formally confirmed by the Wald test statistics reported in the table

which can not reject the above hypotheses examined. The only exemption is the joint hypothesis ¥, =y, =y, for the FISEIDD index,
which is rejected at the a% significance level. But, even for this case the estimates of » are very close to each other for all equations of
the system. Note also that for this index, the pairs of hypotheses y, =y, and y; =y, can not be rejected when they are tested,

separately.
Summing up, the results of this subsection clearly indicate that a relatively small degree of risk aversion in the options and stock
markets can explain the biases of implied volatility to forecast its physical counterpart documented in the literature.
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IV. Conclusions

In this article we provide a new framework of explaining the sources of bias of the implied by option prices volatility regressions to
forecast future levels of physical volatility. This is done in a model-free manner, without imposing any structure on the stochastic process
driving asset prices, or relying on any specific parametric option pricing model. The paper 17 derives a theoretical relation between
physical and risk-neutral volatilities which shows that, under risk aversion, these two different measures of market volatility do not
possess oneto- one correspondence. This relation can explain the biases of implied volatility regressions documented in the literature.
According to this, the discrepancy between physical and riskneutral volatilities originates from the volatility risk premium effects which
can be captured by higher than second-order risk-neutral cumulants. These effects, which are priced in option markets, compensate
investors for extreme negative shifts in asset markets due to, for instance, crashes or other extreme events.

Rased on this theoretical relation, we suggest new regression models to investigate the information content of implied volatility or any
other higher-order risk-neutral cumulant about their corresponding physical measures. These models adjust standard implied volatility
regression models used in practice to account for risk premium effects. Using these models and option price data on the S&Pa00, FISEIDO
and NASDAM indexes, we provide strang evidence that the volatility premium can adequately capture the bias of the standard implied
volatility regression to predict physical volatility. Our results indicate that this risk premium generated bias can be mainly attributed to
the negative skewness of the log-return risk-neutral distributions. This can be done for relatively small values of the risk aversion
coefficient. Analogous values of this coefficient are also found that can explain the risk premium biases embedded in higher than second-
order risk-neutral cumulant regressions used to predict their physical counterparts.
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Table 1. Implied Volatility Regressions

SaPall FISEIDD

NASDA

Model: k7, = + Bk, +e

a 0ooo2t  (D4E-4) 0.5E-4 (0.0003) 00005 (DAE-4)
B 068 (0.14) 052 (0.09) 0.77 (0.08)
Weaopay 2082 [pv=0.00] 50.63 [pv=0.00] 3R [pv=0.04]
IS 04 048 0.77
DW 178 140 LBl
RMSE®  0.002I 0.0022 0.0033
MAE® 00012 0.0013 0.0021
P, 0.32 [pv=0.72] 140 [pv=0.16] 1035 [pv=0.73]
RMSE® 084 0.0014 0.0013
MAE® D84 0.0007 0.0008

Model: (k7,)'" =+ B (k)" +e
a 0.0037 (0.0048) D005l (0.0037) 00027 (0.0039)
B 0.77 (0.038) 053 (0.0740) 087 (0.05)
Wpopy 5858 [pv=0.00] 8787 [ pv=0.00] 8.l [ pv=0.00]
IS 049 058 0.83
DW L8l 147 170
RMSE® 1015 0.0l 0.014
MAE® 000 0.0i0 0.0i0
P, 0.22 [pv=0.83] 121 0.72 [pv=047]
RMSE®  0.0089 0.012 0.0i0
MAE  D.O08I 0.008 0.007
(continued)
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Table 2. Implied Volatility Regressions (continued)

SEPS00 FISEIOD NASDAT
Model: In (k)" = e+ BIn (k) +e,
a 045 (02) 049 0.8) 020 a0
B 092 ©.08) 092 (0.06) 095 (0.06)
Weazo.p-y  BLEA4 [ pv=0.00] B8.39 [pv=0.00] 1333 [ pv=0.00]
7 055 065 080
DW 187 168 130
RMSE® 027 020 08
MAE® 020 020 0
RMSE® 024 027 020
MAE® 08 0 0

Notes: Table | presents the least squares estimates of all implied volatility regression models for the Standard & Poor's a00 (S&Pa00), Financial Times
Stock Exchange 100 (FTSEION) and NASDAQ 100 (NASDAQ) indexes. k/iz is the second-order physical cumulant standing for physical volatility and

k;v,z is the second-order risk-neutral cumulant standing for risk-nevtral volatility. W;azo’ﬂ:l) is theWald test statistic of the joint hypothesis:

o =0 and B =1.This is distributed as 2 with two degrees of freedom. Ez is the adjusted coefficient of determination, AQ is the Durbin-

Watson statistic for serial correlation, RMSE™ and MAE" are the in-sample values of the root mean square and mean absolute prediction
errors, respectively, while RMSE® and MAE' are the out-of-sample ones. covering the sample interval 200401-200712. P, is the

MacKinnon, White and Davidson test for log-linearity (see footnote 11). Standard deviations are in parentheses and p-values in brackets. The standard
deviations are corrected for White heteroscedasticity and Newey-West serial correlation using four lags back.

Table 3. Implied Volatility Regressions Allowing for Risk Premium Effects

SaPall FTSEIDD NASDA

. P N N
Unrestricted Model: &, , =+ Bk, , + vk, +e,

a -0.8F-4 (0.0009) -0.0002 (0.0003) 0.9E-4 (0.0008)
B 0.89 (0.25) 0.97 (0.18) 047 (0.15)

Y 128 (0.89) 2.03 (0.7 148 (LI0)
Wm0 p-1) 147 [pv=0.47] 0.33 [pv=0.07] 0.026 [pv=0.97]
R 0.40 0.52 0.77
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DW L8l 140 163
RMSE® 0.0020 0.0021 0.0032
MAE® 0.001 0.0017 0.0025
RMSE 0.0008 0.0014 0.0013
MAE" 0.0004 0.0007 0.0008
Restricted Model (® =1): k;’,z - k,Zz =a+ ;/k/')v,3 +e,
a -0.0003 (0.0002) -0.0004 (0.0002) -0.3E-5 (0.001)
4 |68 (0.74) 2.39 (0.34) 153 (0.70)
R 015 048 021
DW .87 141 163
RMSE" 0.0020 0.0021 0.0032
MAE® 0.00i8 0.0013 0.0020
RMSE 0.0004 0.0014 0.0012
MAE® 0.0005 0.0008 0.0008
LR 0.35 [pv=0.54] 0.44 [pv=0.50] 0.052 [pv=0.82]

Notes: Table 2 presents least squares estimates of both the unresctricted and restricted implied
valatility regression models allowing for risk premium effects for the three indexes: Standard & Poor's 500 (SEPa00), Financial Times Stock Exchange

100 (FTSEIDD) and NASDAL 100 (NASDAQ). k/iz and k:3 denote the second and third-order physical cumulants, respectively, while k;v,z and k/ljj
denote the second and third-order risk-nevtral cumulants, respectively. Q((=0,®=1) is the Wald test statistic of the joint hypothesis: o =0 and

B =1.This is distributed as x> with two degrees of freedom. Ez is the adjusted coefficient of determination, DW s the Durbin-Watson

statistic for serial correlation, RMSE and MAE"™ are the in-sample values of the root mean square and mean absolute prediction errors,
respectively, while RMSE and MAE' are the out-of-sample ones, covering the sample interval 2004:01-200H2. LR is the likelihood
ratio test of the restricted (under hypothesis 8 = 1) model against the unrestricted model, where /3 is estimated freely. This is distributed as )(2

with one degree of freedom. Standard errors are in parentheses and p-values are in brackets. These are corrected for White heteroscedasticity and
Newey-West serial correlation using four lags back.

Table 4. System Estimation of the Risk Aversion Coefficient [

S&Pall FTSEIDD NASDAL
Model k7, — k), =, +7,k) . +e, v=134
a, -0.0002 (0.0002) -0.0003 (0.0002) 0.0003 (0.0002)
a, 0.000f (0.2€-0) 0.0002 (0.2€-0) 0.0003 (0.0002)
a, -0.2E-4 (0.2€-0) -0.4E-4 (0.2€-0) -0.8E-4 (0.2€-0)
7, .78 (0.7 247 (0.28) 210 (0.77)
73 283 (0.19) 2.08 (0.19) 28 (0.29)
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Vs 2.88 (0.6) 3.03 (0.20) 315 045

Wear 175 [pv=0.18] 0.0008 [pv=10.98] 0.29 [pv=0.58]
W= 1.83 [py=0.17] L14 [pv=0.28] 087 [pv=0.41]
Wiaeri=ro 233 [pv=031] 33  [pv=0.00] 023 [pv=0.90]

Notes: Table 3 presents estimates of the equation system containing the second, third and fourth-order cumulant restricted regressions. The system is

estimated based on the SUR method for the following three indexes: Standard & Poor's 500 (SGPa00), Financial Times Stock Exchange 100 (FTSEIO0) and

NASDAQ 100 (NASDAQ). k/in denotes the vtn-order physical cumulant and k/iv,n denotes the 7™ -order risk-neutral cumulant. W, and

(r2=73)
W are the Wald test statistics of the joint hypotheses y,=y3 and ., =y, . respectively. These are distributed as x> with two degrees of
(r2=74) 2=r3 @0y, =7y x
freedom. W;h:y}:m is the Wald test statistic for the joint hypothesis yo=y3=y4 . This is distributed as )(2 with two degrees of freedom.

Standard errors are in parentheses and p-values in brackets. These are corrected for White heteroscedasticity and Newey-West serial correlation using
four lags back.
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